Graphs which can be represented as nontrivial subgraphs of Cartesian product graphs are characterized. As a corollary it is shown that any bipartite, K 2;3 -free graph of radius 2 has such a representation. An in nite family of graphs which have no such representation and contain no proper representable subgraph is also constructed. Only a nite number of such graphs have been previously known.
Introduction
Di erent kinds of subgraphs of Cartesian product graphs have already been considered. Retracts and isometric subgraphs of Cartesian product graphs were studied, for instance, in 1, 4, 9, 11, 13], see also 5] for a survey on related algorithmic results. A lot of attention has been given to the problems of when a given graph is a subgraph (or induced subgraph) of a hypercube, which is the simplest Cartesian product graph. A sample of this research is 2, 3, 8, 12] . In this note we consider the problem which graphs are subgraphs of Cartesian product graphs.
Let be a graph product. A graph G is prime with respect to if G cannot be represented as the product of two nontrivial graphs, i.e., if the identity G = G 1 G 2 implies that G 1 or G 2 is the one-vertex graph K 1 . A graph G is called S-prime (S stands for \subgraph") with respect to if G cannot be represented as a nontrivial subgraph of a -product graph. Here a subgraph G of G 1 G 2 is called nontrivial if the projections of G to G 1 and G 2 both contain at least two vertices. Graphs which are not S-prime will be called S-composite. Note that an S-prime graph with respect to is always prime with respect to . For this reason we renamed the notion of quasiprimeness, introduced for this concept by Lamprey and Barnes 6], to S-primeness. Sabidussi 10] showed that the only S-prime graphs with respect to the direct product are complete graphs or complete graphs minus an edge. Lamprey and Barnes 6] observed that the only S-prime graphs with respect to the strong product and the lexicographic product are K 1 , K 1 K 1 and K 2 . Thus, among the four standard graph products, only the Cartesian product o ers interesting problems. Since we will exclusively consider this product in the rest, an S-prime (S-composite) graph will mean an S-prime (S-composite) graph with respect to the Cartesian product.
We consider nite undirected graphs without loops or multiple edges. In Section 2 a characterization of S-prime graphs is presented and some corollaries are deduced. In Section 3 we rst simplify the de nition of basic S-prime graphs due to Lamprey and Barnes 7] . This result enables us to construct an in nite family of graphs which cannot be represented as nontrivial subgraphs of Cartesian product graphs and in addition contain no proper representable subgraph. Only nitely many such graphs have been previously known.
A charactization
Note that every graph which contains a vertex of degree one or a cut vertex is Scomposite. In particular this holds for any tree on at least three vertices. Examples of S-prime graphs are provided by complete graphs and complete bipartite graphs on at least ve vertices. Before presenting a characterization of S-prime graphs, we brie y recall two previously known characterizations.
A plotting of a graph G is a drawing of G in the Euclidean plane in which every pair of adjacent vertices has either the same abscissa or the same ordinate. A plotting is trivial if all vertices are plotted on the same horizontal or vertical line. Then S-prime graphs can be (trivially) characterized as graphs with only trivial plottings. Another characterization is provided in 7] by means of constructing every S-prime graph from basic S-prime graphs.
A surjective mapping c : V (G) ! f1; Proof. Assume rst that G is S-composite and let G be a subgraph of G 1 2G 2 which intersects at least two G 1 -layers and at least two G 2 -layers. Let V (G 1 ) = fa 1 ; a 2 ; : : : ; a k g and let V (G 2 ) = fx 1 ; x 2 ; : : : ; x`g. De ne a k-coloring of G by c(a i ; x j ) = i. Let P be an arbitrary well-colored path between vertices (a i ; x j ) and (a i 0 ; x j 0 ) of G. Then, by the definition of the Cartesian product it follows that j = j 0 . Therefore (using the de nition of the Cartesian product again) we infer that i 6 = i 0 . We conclude that c(a i ; x j ) 6 = c(a i 0 ; x j 0 )
which shows that c is a k-path coloring. Clearly, 2 k jV (G)j ? 1. Conversely, let c be a path k-coloring of G with 2 k jV (G)j ? 1. Let G 0 be a spanning subgraph of G which is obtained by removing all edges of G whose endpoints receive the same color. Let C 1 ; C 2 ; : : : ; C t be the connected components of G 0 . Note rst that t 2. Indeed, since k jV (G)j ? 1 
Since the image of c consists of at least two elements, G lies in at least two K t -layers and as the same holds for the image of g, G lies in at least two K k -layers. We conclude that G is S-composite.
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From Proof. Let a be a vertex of G such that all vertices of G are at distance at most two from it. Let w be a neighbor of a and set W = (fwg N(w)) n fag : Let a 2-coloring c of graph G be de ned with c(u) = 1 if u 2 W and c(u) = 2 otherwise. We claim that c is a path 2-coloring.
Let P be a well-colored path of G and let x, y and z be the last three vertices of P. Then c(x) = c(z) 6 = c(y).
We distinguish two cases. Let rst c(x) = 1. Suppose x = w. Then y = a and since a has only one neighbor of color 1, we cannot nd z on P. It follows x 6 = w. As G is bipartite, y is adjacent to a and z is adjacent to w. So w; y; a; x; z induce a K 2;3 . Assume now that c(x) = 2. By the de nition of c, x is not adjacent to w. Since G is bipartite it follows that x is adjacent to a, y is adjacent to w and z is adjacent to a. Hence a; y; w; x; z induce a K 2;3 . 2 3 Basic S-prime graphs
In 7] Lamprey and Barnes de ned basic S-prime graphs recursively as S-prime graphs on at least three vertices which contain no proper basic S-prime subgraphs. They used this concept to show that every S-prime graph on at least three vertices is either a basic S-prime graph or can be constructed from such graphs by two special rules. We show rst how this de nition can be simpli ed.
For a set P of graphs, denote by min P the set of its minimal elements with respect to the subgraph relation.
Theorem 3.1 Let P be any set of graphs. The equation X = fG 2 P; no proper subgraph of G belongs to Xg (1) has X = min P as its unique solution.
Proof. First we show that X = min P satis es (1). If G 2 min P then no proper subgraph of G belongs to P, much less to min P. Conversely, if no proper subgraph of G 2 P belongs to min P then G 2 min P, by well-foundedness of the subgraph relation.
To prove uniqueness, assume that X P satis es (1). If G 2 min P then no proper subgraph of G belongs to P, much less to X. By (1), G 2 X, so min P X.
Conversely, if G 2 X then, by (1) , no proper subgraph of G belongs to X. By the preceding paragraph, no proper subgraph of G belongs to min P. Then G 2 min P, by well-foundedness of the subgraph relation. It follows that X = min P. 2 Corollary 3.2 An S-prime graph is a basic S-prime graph if and only if it has at least three vertices and contains no proper S-prime subgraph on at least three vertices.
Proof. Let P be the set of all S-prime graphs on at least three vertices and X the set of all basic S-prime graphs. Then, by de nition, X satis es (1). From Theorem 3.1 it follows that basic S-prime graphs are exactly the minimal S-prime graphs on at least three vertices.
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The only basic S-prime graphs with six or fewer vertices are K 3 and K 2;3 . In addition only very few basic S-prime graphs have been known. We are now going to construct an in nite family of basic S-prime graphs.
For n 3 let A n be the graph as shown on Fig. 1 . Note that deg(a) = n, deg(x i ) = 2, deg(y i ) = 3, jV (A n )j = 2n ? 1 and jE(A n )j = 3n ? 3. Note also that A 3 = K 2;3 . Theorem 3.3 A n is a basic S-prime graph for any n 3. Proof. Let X = fx 1 ; : : : x n g and Y = fy 2 ; : : : y n?1 g. Suppose that A n is not S-prime and let c be a path k-coloring of A n with 2 k V j(A n )j ? 1. We may assume that c(a) = 1.
Suppose rst that c(x i ) = 1 for i = 1; : : : ; n. As c is a path k-coloring and c(x 1 ) = c(x 2 ) = 1 we get c(y 2 ) = 1 and similarly c(y i ) = 1 for i = 3; : : : ; n ? 1. As k 2 this case is thus not possible. Assume now that c(x i j ) = j + 1 for j = 1; : : :`, where 2 ` n ? 1. We wish to show that there exists a vertex x i`+ 1 2 X n fx i 1 ; x i 2 ; : : : x i`g with c(x i`+ 1 ) =`+ 2.
We have observed above that none of the vertices from the set X n fx i 1 ; x i 2 ; : : : x i`g can be colored with 2; 3 : : : ;`+ 1. Thus we must show that it is not possible that all vertices in this set receive color 1. We distinguish three cases. Case 1. c(x 1 ) = c(x n ) = 1. Let x p be the rst vertex of X (i.e., the vertex with the smallest index) with c(x p ) 6 = 1 and let x q be the last such vertex of X. We may without loss of generality assume that c(x p ) = 2 and c(x q ) =`+ 1. Note rst that c(y j ) = 1 for j = 1; : : : ; p ? 1 and for j = q + 1; : : : ; n ? 1. Therefore, c(y p ) = c(x p ) and c(y q ) = c(x q ). In addition, it is not Case 2. Some vertex of X is not in H. Since a 2 V (H), it must be connected to some x i in H . We may assume that x i?1 = 2 H. Note that y i 2 V (H) and y i x i also belongs to H, for otherwise x i would be of degree 1. In addition, y i must be adjacent to y i?1 and y i+1 in H. For 
